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LARGE INTERSECTION PROPERTIES IN DIOPHANTINE
APPROXIMATION AND DYNAMICAL SYSTEMS
ARNAUD DURAND
Abstract. We investigate the large intersection properties of the set of points
that are approximated at a certain rate by a family of affine subspaces. We then
apply our results to various sets arising in the metric theory of Diophantine
approximation, in the study of the homeomorphisms of the circle and in the
perturbation theory for Hamiltonian systems.
1. Introduction
The classical metric theory of Diophantine approximation is concerned with the
description of the size properties of various sets which are typically of the form
F(xi,ri)i∈I =
{
x ∈ Rd ∣∣ ‖x− xi‖ < ri for infinitely many i ∈ I} , (1)
where (xi, ri)i∈I is a family of elements of R
d×(0,∞) indexed by some denumerable
set I. As an illustration, let us consider one of the simplest examples of sets of the
form (1) arising in Diophantine approximation, namely, the set
Kφ =
{
x ∈ R
∣∣∣∣∣
∣∣∣∣x− pq
∣∣∣∣ < φ(q) for infinitely many (p, q) ∈ Z× N
}
(2)
formed by the reals that are φ-approximable by rationals, where φ = (φ(q))q≥1 is
a nonincreasing sequence of positive real numbers converging to zero. A first de-
scription of the size properties of Kφ was given by Khintchine [29], who established
that this set has full (resp. zero) Lebesgue measure in Rd if
∑
q φ(q)q = ∞ (resp.
< ∞). In order to refine this description, Jarn´ık [28] then determined the value
of the Hausdorff g-measure (see Section 2 for the definition) of Kφ for any gauge
function g in the set D1 defined as follows.
Notation. For any integer d ≥ 1, let Dd be the set of all functions which vanish at
zero, are continuous and nondecreasing on [0, ε] and are such that r 7→ h(r)/rd is
positive and nonincreasing on (0, ε], for some ε > 0. Moreover, for any g, h ∈ Dd,
let us write g ≺ h if g/h monotonically tends to infinity at zero.
The result of Jarn´ık, recently improved by V. Beresnevich, D. Dickinson and
S. Velani [5], is the following: for every gauge function g ∈ D1 such that g ≺ Id
(where Id stands for the identity function), the set Kφ has infinite (resp. zero)
Hausdorff g-measure if
∑
q g(φ(q))q = ∞ (resp. < ∞). On top of that, we estab-
lished in [18] that the set Kφ enjoys a remarkable property originally discovered
by K. Falconer [22], viz., it is a set with large intersection. More precisely, for any
gauge function g ∈ D1 enjoying
∑
q g(φ(q))q =∞, the set Kφ belongs to a certain
class Gg(R) that we introduced in [18] in order to generalize the original classes of
sets with large intersection of Falconer. The class Gg(R) is closed under countable
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intersections and each of its members has infinite Hausdorff g-measure in every
nonempty open subset of R, for every gauge function g ∈ D1 enjoying g ≺ g. In
particular, the set Kφ is locally everywhere of the same size, in the sense that for
any gauge function g ∈ D1, the value of the Hausdorff g-measure of Kφ ∩ V does
not depend on the choice of the nonempty open subset V of R. This also implies
that the size properties of set Kφ are not altered by taking countable intersections.
Indeed, the Hausdorff dimension of the intersection of countably many sets with
large intersection is equal to the infimum of their Hausdorff dimensions. Note that
this feature is rather counterintuitive, in view of the fact that the intersection of
two subsets of R of Hausdorff dimensions s1 and s2 respectively is usually expected
to be s1 + s2 − 1, see [23, Chapter 8] for precise statements. We refer to Section 2
for more details about the classes of sets with large intersection.
As we shall show in Section 5, Diophantine conditions, and therefore sets re-
sembling Kφ, arise at various points in the theory of dynamical systems and large
intersection properties are particularly convenient in that context. For example, the
existence of a smooth conjugacy between an orientation preserving diffeomorphism
f of the circle and a rotation is related with the fact that the rotation number of
f , denoted by ρ(f), is of Diophantine type (K,σ) for some K,σ > 0, which means
that |ρ(f) − p/q| ≥ K/qσ+2 for all p ∈ Z and all q ∈ N, see Subsection 5.2. For
every σ > 0, the set Lσ of all reals that are not of Diophantine type (K,σ) for
any K > 0, and thus for which the smoothness results fail, may be written as the
intersection over j ∈ N of the sets{
ρ ∈ R
∣∣∣∣∣
∣∣∣∣ρ− pq
∣∣∣∣ < 1j qσ+2 for infinitely many (p, q) ∈ Z× N
}
. (3)
Observe that each of these sets may be obtained by choosing φ(q) = 1/(j qσ+2)
in the definition (2) of Kφ. Hence, it belongs to the class G
g(R) for any gauge
function g ∈ D1 such that the series
∑
q g(q
−σ−2)q diverges. This class being
closed under countable intersections, it necessarily contains the set Lσ. It follows
that this set has infinite Hausdorff g-measure in any nonempty open subset of
R for any gauge function g ∈ D1 such that
∑
q g(q
−σ−2)q = ∞ (see the proof of
Theorem 10 for details). The classes Gg(R) make the proof of this result particularly
straightforward, because of their stability under countable intersections and the fact
that Lσ is the countable intersection of the sets defined by (3). Also, the fact that
the set Lσ is a set with large intersection implies that the rotation numbers for
which the smoothness results fail are “omnipresent” in R in a very strong measure
theoretic sense.
The description of the size and large intersection properties of the set Kφ that
we briefly presented above follows from very general methods concerning the set
F(xi,ri)i∈I defined by (1). By covering F(xi,ri)i∈I by an appropriate union of balls
with centers xi and radii ri, it is usually obvious to provide a sufficient condition on
the family (xi, ri)i∈I to ensure that this set has Lebesgue measure zero or a sufficient
condition on the family (xi, ri)i∈I and the gauge function g to establish that the
set has Hausdorff g-measure zero. Conversely, it is usually much more awkward to
provide a sufficient condition to ensure that F(xi,ri)i∈I has full Lebesgue measure or
has infinite g-measure. The most recent results on that question were obtained by
Beresnevich, Dickinson and Velani [5], who basically solved the problem in the case
where the family (xi, ri)i∈I leads to what they call a ubiquitous system. Moreover,
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Beresnevich and Velani [6] proved the following mass transference principle: for
any gauge function g ∈ Dd and any nonempty open subset V of Rd such that the
set F(xi,g(ri)1/d)i∈I has full Lebesgue measure in V , the set F(xi,ri)i∈I has maximal
Hausdorff g-measure in V . Thus, together with the mass transference principle, the
sole knowledge of Lebesgue measure theoretic statements for a set of the form (1)
yields a complete description of its size properties. Under the same hypotheses,
we established in [18] that F(xi,ri)i∈I belongs to the class Gg(V ) of sets with large
intersection in V with respect to the gauge function g, see Section 3 for details. We
successfully used this result to completely describe the large intersection properties
of various sets of the form (1) arising in metric number theory [18], such as Kφ,
or coming into play in the multifractal analysis of a Le´vy process [19] and a new
model of random wavelet series with correlated coefficients [17].
Subsequently, Beresnevich and Velani [7] observed that their mass transference
principle could be extended to the more general situation in which the set F(xi,ri)i∈I
is replaced by the set
F(Pi,ri)i∈I =
{
x ∈ Rd ∣∣ d(x, Pi) < ri for infinitely many i ∈ I} , (4)
formed by the points in Rd that are at a distance less than ri of a given affine sub-
space Pi for infinitely many indices i ∈ I. Using this observation, they investigated
the size properties of the generalization of Kφ to the linear forms setting, thereby
complementing Lebesgue measure theoretic results obtained by W. Schmidt [34]. In
this paper, we show that, under simple assumptions bearing on the affine subspaces
Pi and the radii ri, the set F(Pi,ri)i∈I is a set with large intersection, in the sense
that it belongs to some of the aforementioned classes Gg(V ), see Section 3. This
way, we are able to investigate the large intersection properties of the set studied
by Schmidt, Beresnevich and Velani, see Section 4.
Our approach also enables us to describe the size and large intersection properties
of various sets arising in the Kolmogorov-Arnold-Moser theory on the perturbations
of a Hamiltonian system, see Subsection 5.1. In particular, we prove that the set of
frequencies for which the constructions involved in this theory fail is a set with large
intersection. This implies that those “problematic” frequencies are omnipresent in
a strong measure theoretic sense. As in the study of the homeomorphisms of the
circle, the fact that the classes Gg(V ) are closed under countable intersections is
particularly convenient in that context.
The paper is organized as follows. In Section 2, we recall the definition of Haus-
dorff measures and we give a brief overview of the classes of sets with large inter-
section introduced in [18]. We present in Section 3 the main result of the paper,
according to which the set F(Pi,ri)i∈I is a set with large intersection. In Section 4,
we then apply our results to the study of the large intersection properties of the set
arising in the linear forms setting in Diophantine approximation. Applications to
the theory of dynamical systems are discussed in Section 5. Specifically, we describe
the size and large intersection properties of various sets appearing in the study of
the perturbations of Hamiltonian systems and the homeomorphisms of the circle.
Lastly, the proofs of the main results of the paper are given in Section 6 and 7.
2. Hausdorff measures and large intersection properties
Before discussing large intersection properties, let us recall some definitions and
basic results about Hausdorff measures. Let D be the set of all nondecreasing
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functions g defined on [0, ε] for some ε > 0 and such that lim0+ g = g(0) = 0. For
any gauge function g ∈ D, the Hausdorff g-measure of a set F ⊆ Rd is defined by
Hg(F ) = lim
δ↓0
↑ Hgδ (F ) with Hgδ(F ) = infF⊆Sp Up
|Up|<δ
∞∑
p=1
g(|Up|).
The infimum is taken over all sequences (Up)p≥1 of sets with F ⊆
⋃
p Up and
|Up| < δ for all p ≥ 1, where | · | denotes diameter. Note that Hg is a Borel measure
on Rd, see [33]. Actually, in view of the following result of [18] and given that the
sets that we study hereunder have Hausdorff measure either zero or infinity (see
Sections 4 and 5), we shall restrict our attention to gauges in the set Dd defined in
Section 1.
Proposition 1. For every gauge function g ∈ D, the function
gd : r 7→ rd inf
ρ∈(0,r]
g(ρ)
ρd
.
either belongs to Dd or is equal to zero near zero. Moreover, there is a real number
κ ≥ 1 such that for every g ∈ D and every F ⊆ Rd,
Hgd(F ) ≤ Hg(F ) ≤ κHgd(F ).
Observe that for g ∈ Dd, if g ≺ Idd, every nonempty open subset of Rd has
infinite Hausdorff g-measure. Otherwise, g(r) = O(rd) as r goes to zero, so that
Hg is finite on every compact subset of Rd. Since it is a translation invariant Borel
measure, it coincides up to a multiplicative constant with the Lebesgue measure on
the Borel subsets of Rd.
Lastly, recall that the Hausdorff dimension of a nonempty set F ⊆ Rd is defined
with the help of the gauge functions Ids by
dimF = sup{s ∈ (0, d) | HIds(F ) =∞} = inf{s ∈ (0, d) | HIds(F ) = 0}
with the convention that sup ∅ = 0 and inf ∅ = d, see [23].
In [18], we introduced new classes of sets with large intersection which generalize
the classes Gs(Rd) originally considered by Falconer [22]. In the remainder of this
section, we give a brief overview of these new classes and we refer to [18] for a fuller
exposition. Our classes are associated with the functions that belong to the set
Dd defined in Section 1 and are obtained in the following manner, with the help of
outer net measures. Given an integer c ≥ 2, let Λc be the collection of the c-adic
cubes of Rd, that is, the sets of the form λ = c−j(k+ [0, 1)d) for j ∈ Z and k ∈ Zd.
The integer j is the generation of λ, denoted by 〈λ〉c. For any g ∈ Dd, the set of all
ε ∈ (0, 1] such that g is nondecreasing on [0, ε] and r 7→ g(r)/rd is nonincreasing on
(0, ε] is nonempty. Let εg denote its supremum. The outer net measure associated
with g ∈ Dd is defined by
∀F ⊆ Rd Mg∞(F ) = inf
(λp)p≥1
∞∑
p=1
g(|λp|), (5)
where the infimum is taken over all sequences (λp)p≥1 with F ⊆
⋃
p λp, where
each λp is either a cube in Λc with diameter less than εg or the empty set. As
shown by [33, Theorem 49], the outer measureMg∞ is in some way related with the
Hausdorff measure Hg. In particular, if a subset F of Rd enjoysMg∞(F ) > 0, then
Hg(F ) > 0. The classes of sets with large intersection introduced in [18] are now
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defined as follows. Recall that a Gδ-set is one that may be expressed as a countable
intersection of open sets.
Definition 1. Let g ∈ Dd and let V be a nonempty open subset of Rd. The
class Gg(V ) of subsets of Rd with large intersection in V with respect to g is the
collection of all Gδ-subsets F of R
d such that Mg∞(F ∩ U) = Mg∞(U) for every
g ∈ Dd enjoying g ≺ g and every open set U ⊆ V .
Remark 1. The classes Gg(V ) depend on the choice of neither the integer c nor
the norm Rd is endowed with, even if they affect the construction of Mg∞ for any
g ∈ Dd with g ≺ g, see [18, Proposition 13].
The next proposition gives the basic properties of the classes Gg(V ) that follow
directly from their definition.
Proposition 2. Let g ∈ Dd and let V be a nonempty open subset of Rd. Then
(a) Gg1(V ) ⊇ Gg2(V ) for any g1, g2 ∈ Dd with g1 ≺ g2;
(b) Gg(V1) ⊇ Gg(V2) for any nonempty open sets V1, V2 ⊆ Rd with V1 ⊆ V2;
(c) Gg(V ) =
⋂
g G
g(V ) where g ∈ Dd enjoys g ≺ g;
(d) Gg(V ) =
⋂
U G
g(U) where U is a nonempty open subset of V ;
(e) every Gδ-set which contains a set of G
g(V ) also belongs to Gg(V );
(f) F ∩U ∈ Gg(U) for every F ∈ Gg(V ) and every nonempty open set U ⊆ V .
The following result, which combines Theorem 1 and Proposition 11 in [18],
provides the main nontrivial properties of the classes Gg(V ). These properties
show in particular that a set with large intersection in some nonempty open set V
is to be thought of as large and omnipresent in V , in a measure theoretic sense.
Theorem 1. Let g ∈ Dd and let V be a nonempty open subset of Rd. Then,
(a) the class Gg(V ) is closed under countable intersections;
(b) the set f−1(F ) belongs to Gg(V ) for every bi-Lipschitz mapping f : V → Rd
and every set F ∈ Gg(f(V ));
(c) every set F ∈ Gg(V ) enjoys Hg(F ) = ∞ for every g ∈ Dd with g ≺ g and
in particular
dimF ≥ sg = sup {s ∈ (0, d) | Ids ≺ g} ;
(d) every Gδ-subset of R
d with full Lebesgue measure in V is in the class Gg(V ).
Using Theorem 1, it is possible to establish that Gg(Rd) is included in the class
Gsg (Rd) of Falconer when sg is positive, see [18]. To end this section, let us indicate
another noteworthy consequence of Theorem 1. Let g ∈ Dd and let V be a nonempty
open subset of Rd. For any sequence (Fn)n≥1 of sets in the class G
h(V ),
∀g ∈ Dd g ≺ g =⇒ Hg
(
∞⋂
n=1
Fn
)
=∞.
Hence the Hausdorff dimension of
⋂
n Fn is at least sg. In addition, if the dimension
of Fn is at most sg for some n ≥ 1, the previous intersection has dimension sg.
3. Approximation by affine subspaces
Let I denote a denumerable set and let Sd(I) be the set of all families (xi, ri)i∈I
of elements of Rd × (0,∞) such that
sup
i∈I
ri <∞ and ∀m ∈ N #
{
i ∈ I ∣∣ ‖xi‖ < m and ri > 1/m} <∞.
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The set of all points in Rd that are infinitely often at a distance less than ri of the
point xi is given by (1), that is,
F(xi,ri)i∈I =
{
x ∈ Rd ∣∣ ‖x− xi‖ < ri for infinitely many i ∈ I} .
Sets of this form play a central role in various areas of mathematics, such as number
theory and multifractal analysis, see for instance [5, 17, 18, 19, 20]. Several examples
arising in Diophantine approximation are mentioned in the beginning of Section 4.
In multifractal analysis, sets of the form (1) are obtained by considering the points
at which a stochastic process, such as a Le´vy process or a random wavelet series,
has at most a given Ho¨lder exponent.
We established in [18] that, under a very general assumption on the family
(xi, ri)i∈I , the set F(xi,ri)i∈I is a set with large intersection with respect to a given
gauge function h ∈ Dd. To be specific, Theorem 2 in [18] straightforwardly implies
the following result.
Theorem 2. Let I be a denumerable set, let (xi, ri)i∈I ∈ Sd(I), let h ∈ Dd and let
V be a nonempty open subset of Rd. Assume that for Lebesgue-almost every x ∈ V ,
there exist infinitely many i ∈ I such that
‖x− xi‖ < h(ri)1/d.
Then, the set F(xi,ri)i∈I defined by (1) belongs to the class Gh(V ).
Remark 2. In view of the relationship between size and large intersection properties
given by Theorem 1(c), Theorem 2 is to be compared with the mass transference
principle established by Beresnevich and Velani in [6], which states that, under the
same assumptions, the set F(xi,ri)i∈I has maximal Hausdorff h-measure in every
open subset of V . Nevertheless, none of these results implies the other one.
In fact, we adopted in [18] a slightly more general approach which relies on the
notion of homogeneous ubiquitous system that is defined as follows.
Definition 2. Let I be a denumerable set and let V be a nonempty open subset
of Rd. A family (xi, ri)i∈I ∈ Sd(I) is called a homogeneous ubiquitous system in V
if the set F(xi,ri)i∈I given by (1) has full Lebesgue measure in V .
Remark 3. By virtue of [18, Proposition 15], if (xi, ri)i∈I ∈ Sd(I) is a homogeneous
ubiquitous system in V , so is (xi, κri)i∈I for any κ > 0. Thus, the fact that
(xi, ri)i∈I ∈ Sd(I) is a homogeneous ubiquitous system in V does not depend on
the choice of the norm Rd is endowed with.
As an example, for any integer c ≥ 2, the family (kc−j , c−j)(j,k)∈N×Zd is a ho-
mogeneous ubiquitous system in Rd. Similarly, Dirichlet’s theorem ensures that for
any x ∈ Rd, there are infinitely many (p, q) ∈ Zd × N such that ‖x − p/q‖∞ <
q−1−1/d, where ‖ · ‖∞ denotes the supremum norm, see [26, Theorem 200]. Hence,
(p/q, q−1−1/d)(p,q)∈Zd×N is a homogeneous ubiquitous system in R
d. In addition, the
optimal regular systems of points defined in [1, 3] also yield homogeneous ubiquitous
systems. Examples of regular systems include the points with rational coordinates,
the real algebraic numbers of bounded degree and the algebraic integers of bounded
degree, see [2, 4, 10, 11, 12]. We refer to [18] for details.
Now, given a gauge function h ∈ Dd, the pseudo-inverse function of h1/d is
defined on the interval [0, h1/d(εh
−)) by
(h1/d)−1 : r 7→ inf{ρ ∈ [0, εh) | h1/d(ρ) ≥ r},
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where h1/d(εh
−) is equal to sup[0,εh) h
1/d > 0. Theorem 2 in [18], which leads to
Theorem 2 above, is stated as follows.
Theorem 3. Let I be a denumerable set, let V be a nonempty open subset of Rd
and let (xi, ri)i∈I ∈ Sd(I) be a homogeneous ubiquitous system in V . Then, for any
gauge function h ∈ Dd and any nonnegative nondecreasing function ϕ : [0,∞)→ R
coinciding with (h1/d)−1 near zero, the set F(xi,ϕ(ri))i∈I belongs to the class Gh(V ).
Recall that the set F(xi,ri)i∈I defined by (1) is composed by the points in Rd that
are at a distance less than ri of the point xi for infinitely many i ∈ I. Hence, a
natural generalization of F(xi,ri)i∈I is the set of points in Rd that are at a distance
less than ri of some affine subspace Pi for infinitely many i ∈ I. Specifically, let
k ∈ {0, . . . , d−1}, let I be a denumerable set and let Skd (I) be the set of all families
(Pi, ri)i∈I formed by affine subspaces Pi of R
d with dimension k and positive reals
ri such that
sup
i∈I
ri <∞ and ∀m ∈ N #
{
i ∈ I
∣∣∣∣ Pi ∩Bm 6= ∅and ri > 1/m
}
<∞, (6)
where Bm denotes the open ball with center zero and radius m. Note that, iden-
tifying a point with the zero-dimensional affine subspace that contains it, we may
write S0d(I) = Sd(I). The natural extension of the set defined by (1) is then the set
defined by (4), namely,
F(Pi,ri)i∈I =
{
x ∈ Rd ∣∣ d(x, Pi) < ri for infinitely many i ∈ I} .
Theorem 4 below shows that, under certain assumptions on the subspaces Pi
and the radii ri, the set F(Pi,ri)i∈I is a set with large intersection. This result,
which may thus be seen as the extension of Theorem 2 to F(Pi,ri)i∈I , is proven in
Section 6.
Theorem 4. Let k ∈ {0, . . . , d − 1}, let I be a denumerable set, let (Pi, ri)i∈I ∈
Skd (I), let h ∈ Dd−k and let V be a nonempty open subset of Rd. Assume that:
(A) there exists an affine subspace T of Rd with dimension d − k such that
T ∩ Pi 6= ∅ for all i ∈ I and
C = sup
i∈I
∣∣{x ∈ T | d(x, Pi) < 1}∣∣ <∞;
(B) there exists a gauge function h ∈ Dd−k with h ≺ h such that for Lebesgue-
almost every x ∈ V , there are infinitely many indices i ∈ I enjoying
d(x, Pi) < h(ri)
1
d−k . (7)
Then, the set F(Pi,ri)i∈I belongs to the class GId
kh(V ).
Remark 4. Assume that (A) and (B) hold, let h˜ =
√
hh and observe that h˜ ∈ Dd−k
and h ≺ h˜ ≺ h. Applying Theorem 4 with h˜ instead of h leads to the fact that
F(Pi,ri)i∈I ∈ GId
kh˜(V ). Theorem 1(c) then implies that
HIdkh(F(Pi,ri)i∈I ∩ U) = HId
kh(U)
for every open subset U of V . Beresnevich and Velani [7] previously obtained the
same result, when (B) is replaced by the weaker assumption that for Lebesgue-
almost every x ∈ V ,
d(x, Pi) < h(ri)
1
d−k for infinitely many i ∈ I (8)
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and when for any ε > 0, only finitely many i ∈ I enjoy ri > ε. This result may be
regarded as an extension of the mass transference principle mentioned in Section 1
and Remark 2.
Remark 5. Under the weaker assumption that (8) holds for Lebesgue-almost every
x ∈ V , the proof of Theorem 4 entails that MIdkh∞ (F(Pi,ri)i∈I ∩ U) = MId
kh
∞ (U)
for any gauge function h ∈ Dd−k such that h ≺ h and any open set U ⊆ V , see
Section 6. This result is weaker than the fact that F(Pi,ri)i∈I ∈ GId
kh(V ), because
the gauge functions g ∈ Dd for which g ≺ Idkh are not necessarily of the form Idkh
with h ∈ Dd−k and h ≺ h.
4. Applications to Diophantine approximation
In [18], we made use of Theorems 1 and 2 in order to provide a full description
of the size and large intersection properties of various sets arising in classical Dio-
phantine approximation, such as the set of all points that are approximable with a
certain accuracy by rationals, by rationals with restricted numerator and denomi-
nator or by real algebraic numbers. For example, for any nonincreasing sequence
φ = (φ(q))q≥1 of positive real numbers converging to zero, we employed Theorems 1
and 2 in order to study the size and large intersection properties of the set
Km,φ =
{
x ∈ Rm
∣∣∣∣∣
∥∥∥∥x− pq
∥∥∥∥ < φ(q) for infinitely many (p, q) ∈ Zm × N
}
. (9)
This set was first studied by Khintchine [29] in 1926 and, for m = 1, it is equal
to the set Kφ defined by (2). Note that it is of the form (1) and is composed
by the points x ∈ Rm (with m ∈ N) enjoying |qx|Zm < qφ(q) for infinitely many
integers q ∈ N, where |y|Zm = mink∈Zm ‖y − k‖ denotes the distance from a given
point y ∈ Rm to Zm. The result of [18] describing the size and large intersection
properties of Km,φ is the following.
Theorem 5. Let φ = (φ(q))q≥1 be a nonincreasing sequence of positive real num-
bers converging to zero, let h ∈ Dm and let V be a nonempty open subset of Rm.
Then, { ∑
q h(φ(q))q
m =∞ =⇒ Hh(Km,φ ∩ V ) = Hh(V )∑
q h(φ(q))q
m <∞ =⇒ Hh(Km,φ ∩ V ) = 0.
Moreover,
Km,φ ∈ Gh(V ) ⇐⇒
∑
q
h(φ(q))qm =∞.
The purpose of this section is to establish the same kind of result for a more
general set which involves linear forms and is defined in the following manner. Let
Ψn denote the set of all nonnegative functions ψ defined on Z
n (with n ∈ N) such
that ψ(q) tends to zero as ‖q‖ tends to infinity. For any function ψ ∈ Ψn and any
point b ∈ Rm, let us consider the set
Sbm,n,ψ =
{
(x1, . . . , xm) ∈ (Rn)m
∣∣∣∣ sup1≤j≤m |q · xj − bj |Z < ψ(q)
for infinitely many q ∈ Zn
}
, (10)
where · denotes the standard inner product in Rn. Of course, the set Sbm,n,ψ may
be regarded as a subset of Rmn. Moreover, it is easy to check that the set Km,φ
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defined by (9) can be obtained from the set Sbm,n,ψ by letting b = 0, n = 1 and
φ(q) = 1{q≥1}ψ(q)/q for any integer q ∈ Z.
The size properties of the set Sbm,n,ψ were first investigated by Schmidt, who
obtained in [34] the following result concerning its Lebesgue measure.
Theorem 6 (Schmidt). Assume that m+ n > 2. Let b ∈ Rm and ψ ∈ Ψn. Then,
for any open subset V of Rmn,{ ∑
q∈Zn ψ(q)
m =∞ =⇒ Lmn(Sbm,n,ψ ∩ V ) = Lmn(V )∑
q∈Zn ψ(q)
m <∞ =⇒ Lmn(Sbm,n,ψ ∩ V ) = 0.
In the case where m and n are both equal to one, the previous result does
not hold and the appropriate statement would follow from the settlement of the
Duffin-Schaeffer conjecture, see [6].
More recently, Beresnevich and Velani [7] extended Theorem 6 to the Hausdorff
measures associated with the gauge functions Idm(n−1)h, for h ∈ Dm.
Theorem 7 (Beresnevich and Velani). Assume that m+ n > 2. Let b ∈ Rm and
ψ ∈ Ψn. Then, for any gauge function h ∈ Dm and any open subset V of Rmn,

∑
q∈Zn\{0} h(
ψ(q)
‖q‖ )‖q‖m =∞ =⇒ HId
m(n−1)h(Sbm,n,ψ ∩ V ) = HId
m(n−1)h(V )∑
q∈Zn\{0} h(
ψ(q)
‖q‖ )‖q‖m <∞ =⇒ HId
m(n−1)h(Sbm,n,ψ ∩ V ) = 0.
Remark 6. Note that the summability condition clearly does not depend on the
choice of the norm Rn is endowed with, because h belongs to Dm.
Remark 7. It is highly probable that the statement of Theorem 7 may not be
extended to the gauge functions that are not of the form Idm(n−1)h with h ∈ Dm.
For example, if Theorem 7 held for the gauge Idm(n−1), it would ensure that the
Hausdorff Idm(n−1)-measure of Sbm,n,ψ is infinite (because the sum of ‖q‖m over
q ∈ Zn \ {0} diverges). Nonetheless, Sbm,n,ψ can be regarded as the set of all
points in Rmn that are approximable at a certain rate by a family of m(n − 1)-
dimensional affine subspaces, see (11) below. Therefore, when ψ tends rapidly to
zero at infinity, the Idm(n−1)-measure of this set could be finite, depending on some
specific arithmetic properties enjoyed by the approximating subspaces. See the
discussion at the end of [7, Section 1.2] for details.
Recall that if the gauge function h ∈ Dm is such that h 6≺ Idm, the Hausdorff
Idm(n−1)h-measure coincides, up to a multiplicative constant, with the Lebesgue
measure on the Borel subsets of Rmn. Thus, in this case, Theorem 7 directly follows
from Theorem 6. In the case where h ≺ Idm, the convergence part of Theorem 7
may be easily proven by covering the set Sbm,n,ψ in an appropriate way. In order
to establish the divergence part, Beresnevich and Velani used the result mentioned
in Remark 4, along with Theorem 6, after observing that Sbm,n,ψ is of the form (4).
Indeed, it is easy to check that Sbm,n,ψ is composed by the points x ∈ Rmn enjoying
d∗(x, P
b
(p,q)) <
ψ(q)
‖q‖2 (11)
for infinitely many (p, q) ∈ Zm×(Zn\{0}), where ‖·‖2 is the Euclidean norm. Here,
d∗(x, P
b
(p,q)) denotes the distance from the point x to the approximating subspace
P b(p,q) =
{
(y1, . . . , ym) ∈ (Rn)m
∣∣ ∀j ∈ {1, . . . ,m} q · yj = bj + pj} ,
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when the space Rmn is endowed with the norm ‖ · ‖∗ defined by
∀x = (x1, . . . , xm) ∈ (Rn)m ‖x‖∗ = sup
1≤j≤m
‖xj‖2.
In fact, the subspaces P b(p,q), for p ∈ Zm and q ∈ Zn \ {0}, do not verify (A),
so Beresnevich and Velani applied the result mentioned in Remark 4 only to the
subspaces P b(p,q) for which q belongs to the set
Qi =
{
q = (q1, . . . , qn) ∈ Zn \ {0}
∣∣ ‖q‖∞ = qi} , (12)
where i ∈ {1, . . . , n} is chosen in advance depending on the approximating function
ψ. Those particular subspaces P b(p,q) enjoy (A) with common subspace the set
Ti of all (x1,1, . . . , x1,n, . . . , xm,1, . . . , xm,n) ∈ Rmn such that xj,i′ = 0 for all j ∈
{1, . . . ,m} and all i′ ∈ {1, . . . , n}\{i}. Along with the radii r(p,q) = ψ(q)/‖q‖2, they
also enjoy (6), so that the family (P b(p,q), r(p,q))(p,q)∈Zm×Qi belongs to the collection
Sm(n−1)mn (Zm ×Qi).
These observations will enable us to make use of Theorem 4 in order to prove the
following result, which describes the large intersection properties of the set Sbm,n,ψ
and thus complements Theorem 7.
Theorem 8. Assume that m + n > 2. Let b ∈ Rm and ψ ∈ Ψn. Then, for any
gauge function h ∈ Dm and any nonempty open subset V of Rmn,
Sbm,n,ψ ∈ GId
m(n−1)h(V ) ⇐⇒
∑
q∈Zn\{0}
h
(
ψ(q)
‖q‖
)
‖q‖m =∞.
Proof. Let us first consider the divergence case and assume that h ≺ Idm. Observe
that there exists a gauge function h ∈ Dm such that h ≺ h and∑
q∈Zn\{0}
h
(
ψ(q)
‖q‖
)
‖q‖m =∞.
Actually, it is possible to build such a gauge function by adapting the methods
developed in the proof of [16, Theorem 3.5]. Furthermore, recall that the sets Qi
are defined by (12). Then,
∞ =
∑
q∈Zn\{0}
h
(
ψ(q)
‖q‖
)
‖q‖m ≤
n∑
i=1
∑
q∈Qi
h
(
ψ(q)
‖q‖
)
‖q‖m,
so that the sum of h(ψ(q)/‖q‖)‖q‖m over q ∈ Qi diverges for some i ∈ {1, . . . , n}.
Let ψi(q) be equal to h(ψ(q)/‖q‖2)1/m‖q‖2 if q ∈ Qi and to zero otherwise. Hence,
the series
∑
q∈Zn ψi(q)
m diverges. By virtue of Theorem 6, the set Sbm,n,ψi has full
Lebesgue measure in V . As a consequence, for Lebesgue- almost every x ∈ V , there
are infinitely many (p, q) ∈ Zm ×Qi such that
d∗(x, P
b
(p,q)) <
ψi(q)
‖q‖2 = h
(
ψ(q)
‖q‖2
)1/m
.
Owing to the fact that (A) is verified by the subspaces P b(p,q), for (p, q) ∈ Zm ×Qi,
it then follows from Theorem 4 that the set of all x ∈ V enjoying
d∗(x, P
b
(p,q)) <
ψ(q)
‖q‖2
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for infinitely many (p, q) ∈ Zm × Qi belongs to the class GIdm(n−1)h(V ). As the
Gδ-set S
b
m,n,ψ contains this last set, it belongs to G
Idm(n−1)h(V ) as well. The result
still holds if h 6≺ Idm. Indeed, in this case, the series ∑q∈Zn ψ(q)m diverges. The
set Sbm,n,ψ then has full Lebesgue measure in V due to Theorem 6, and thus belongs
to the class GId
m(n−1)h(V ) by Theorem 1(d).
Let us now consider the convergence case. Observe that there exists a gauge
function h ∈ Dm such that h ≺ h and∑
q∈Zn\{0}
h
(
ψ(q)
‖q‖
)
‖q‖m <∞.
Again, to build such a function, one may adapt the ideas given in the proof of [16,
Theorem 3.5]. Theorem 7 ensures that the set Sbm,n,ψ has Hausdorff measure zero
for the gauge function Idm(n−1)h. It follows from Theorem 1(c) that this set cannot
belong to the class GId
m(n−1)h(V ). 
Remark 8. Observe that the gauge functions for which the statement of Theorem 8
holds are of the form Idm(n−1)h with h ∈ Dm, that is, are those for which Theorem 7
is valid. In view of Remark 7 and the relationship between size properties and
large intersection properties provided by Theorem 1(c), it is highly likely that the
statement of Theorem 8 does not hold for the gauge functions that are not of the
preceding form.
Remark 9. The hardest part of Theorem 7, that is, the divergence part when
h ≺ Idm and V 6= ∅, may be deduced from Theorem 8. Indeed, in this case, if the
sum of h(ψ(q)/‖q‖)‖q‖m over q ∈ Zn \ {0} diverges, it is possible to build a gauge
function h ∈ Dm such that h ≺ h and the sum of h(ψ(q)/‖q‖)‖q‖m diverges as well.
Due to Theorem 8, the set Sbm,n,ψ then belongs to G
Idm(n−1)h(V ). It finally suffices
to apply Theorem 1(c) to get
HIdm(n−1)h(Sbm,n,ψ ∩ V ) =∞ = HId
m(n−1)h(V ).
Note that Theorem 8 directly leads to the part of Theorem 5 concerning the large
intersection properties of the set Km,φ defined by (9) where φ is a nonincreasing
sequence of positive real numbers converging to zero, because this set can be seen
as a particular case of the set Sbm,n,ψ.
Using Theorem 8, it is also possible to describe the large intersection properties of
the set coming into play in Groshev’s theorem [24]. Given a nonincreasing sequence
φ = (φ(Q))Q≥1 of positive real numbers converging to zero, this set Γm,n,φ is formed
by the points (x1, . . . , xm) ∈ (Rn)m such that
∀j ∈ {1, . . . ,m} |q · xj |Z < ‖q‖∞ φ(‖q‖∞)
for infinitely many q ∈ Zn. Groshev first studied the size properties of the set Γm,n,φ
by investigating its Lebesgue measure. More recently, Dickinson and Velani [14]
extended Groshev’s result to the Hausdorff measures associated with fairly general
gauge functions. As a complement, the following corollary to Theorem 8 supplies
a description of the large intersection properties of Γm,n,φ.
Corollary 3. Assume that n > 1. Let φ = (φ(Q))Q≥1 be a nonincreasing sequence
of positive real numbers converging to zero. Then, for any gauge function h ∈ Dm
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and any nonempty open subset V of Rmn,
Γm,n,φ ∈ GIdm(n−1)h(V ) ⇐⇒
∞∑
Q=1
h(φ(Q))Qm+n−1 =∞.
Proof. It suffices to apply Theorem 8 with b = 0 and ψ(q) = ‖q‖∞ φ(‖q‖∞) for all
q ∈ Zn and to observe that the number of vectors q ∈ Zn for which ‖q‖∞ = Q is
equivalent to 2nnQn−1 as Q tends to infinity. 
5. Applications to dynamical systems
5.1. Perturbation theory for Hamiltonian systems. The purpose of this sub-
section is to show how the results obtained in the previous sections may be applied
to the perturbation theory for Hamiltonian systems. We shall only give basic recalls
on this topic and we refer to [25, Chapter X] and [32] for fuller expositions.
The behavior of a general non-dissipative mechanical system with n degrees of
freedom may be described through a Hamiltonian system of differential equations
x˙i =
∂H
∂yi
, y˙i = −∂H
∂xi
, i ∈ {1, . . . , n},
where H : Rn×Rn → R. This system is called integrable if there exists a canonical
transformation
W : Rn × Tn → Rn × Rn
(a, θ) 7→ (x, y)
preserving the symplectic structure such that the Hamiltonian H ◦W (which is
simply denoted by H in what follows) does not depend on θ. Here, Tn denotes
the n-dimensional torus obtained from Rn by identifying the points whose coordi-
nates differ from an integer multiple of 2π. In the action-angle coordinates (a, θ),
Hamilton’s equations then become
θ˙i =
∂H
∂ai
, a˙i = −∂H
∂θi
= 0, i ∈ {1, . . . , n}
and are clearly solved, for any fixed vector a∗ ∈ Rn, by the constant function
a(t) = a∗ and the conditionally periodic flow θ(t) = θ(0) + t ω(a∗) on the torus T
n
with frequencies ω(a∗) = (ω1(a∗), . . . , ωn(a∗)) given by ωi(a∗) = ∂H/∂ai(a∗). The
flow is periodic if there are integers q1, . . . , qn such that ωi(a∗)/ωi′(a∗) = qi/qi′ for
any i, i′ ∈ {1, . . . , n}. Otherwise, the flow is called quasi-periodic. This occurs in
particular when the frequencies are non-resonant, which means that
∀q ∈ Zn \ {0} q · ω(a∗) 6= 0.
Moreover, under this assumption, the trajectory {θ(t), t ∈ R} is dense in the torus
Tn. In any case, the solution curve is winding around the invariant torus Ta∗ =
{a∗} × Tn with constant frequencies ω(a∗). Hence, the phase space is foliated into
a n-parameter family of invariant tori on which the flow is conditionally periodic.
Integrable Hamiltonian systems raised a large interest because their equations
can be solved analytically in the previous manner. The trouble is that, in general,
a physical system is not integrable. However, it is often possible to view such a
system as a perturbation of an integrable approximate one. This observation led to
the development of the perturbation theory that we briefly present hereunder. In
that context, we may assume that the number n of degrees of freedom is at least
two, as one degree of freedom systems are always integrable.
LARGE INTERSECTION PROPERTIES 13
Let us consider an invariant torus of an integrable Hamiltonian system, such as
for example T0 = {0}×Tn. It may be shown that this torus is also invariant under
the flow of every real-analytic Hamiltonian H which is not necessarily integrable
but for which the linear terms in the Taylor expansion with respect to a at zero
do not depend on θ, see [25, p. 410]. More precisely, this condition amounts to the
fact that
H(a, θ) = c+ ω · a+ 1
2
aTM(a, θ)a, (13)
for some real c, some vector ω ∈ Rn and some real symmetric n×n-matrixM(a, θ)
analytic in its arguments. For such a Hamiltonian, T0 is still invariant and the
flow on it is conditionally periodic with frequencies ω. Let us now consider a
perturbation
H(a, θ) + ε f(a, θ, ε)
of such a Hamiltonian, for small ε, by a real-analytic function f . Under certain
assumptions that we detail below, Kolmogorov (1954) managed to build a near-
identity symplectic transformation (a, θ) 7→ (a˜, θ˜) such that the perturbed Hamil-
tonian in the new variables is also of the form (13) with the same ω. It thus admits
T0 as an invariant torus and this torus carries a conditionally periodic flow with the
same frequencies as the original system. This construction is possible if the angular
average
M0 =
1
(2π)n
∫
Tn
M(0, θ) dθ
is an invertible matrix and if the frequencies ω satisfy Siegel’s Diophantine condition
∀q ∈ Zn \ {0} |q · ω| ≥ γ‖q‖1ν , (14)
for some positive reals γ and ν, where ‖ · ‖1 denotes the ℓ1-norm. In this case,
the frequencies ω are called strongly non-resonant. Note that the reals γ and ν,
together with other parameters, impose a limitation on the size ε of the perturbation
for which the construction is possible. Along with its extensions by Arnold (1963)
and Moser (1962), Kolmogorov’s result forms what is now called the KAM theory.
The existence of strongly non-resonant frequencies is quite obvious, due to the
following observation. Given a real ν > 0, the set of all frequencies for which the
Diophantine condition (14) holds for some γ > 0 is
Ωn,ν =
⋃
γ>0
↑
{
ω ∈ Rn
∣∣∣∣ |q · ω| ≥ γ‖q‖1ν for all q ∈ Zn \ {0}
}
.
If ν > n − 1, then it is easy to check that Ωn,ν has full Lebesgue measure in Rn.
As a result, the set
Ωn =
⋃
ν>0
↑ Ωn,ν
formed by the strongly non-resonant frequencies has full Lebesgue measure in Rn.
Moreover, the set Ωn,ν is empty if ν < n − 1, owing to Dirichlet’s pigeon-hole
principle, and that it has Lebesgue measure zero, and Hausdorff dimension n, when
ν = n− 1, see [15] and the references therein.
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Let us suppose that ν is greater than n − 1. Then, the frequencies for which
Siegel’s Diophantine condition (14) does not hold for any γ > 0 form the set
Rn,ν = R
n \ Ωn,ν =
⋂
γ>0
↓
{
ω ∈ Rn
∣∣∣∣ |q · ω| < γ‖q‖1ν for some q ∈ Zn \ {0}
}
.
Even if it has Lebesgue measure zero, this set is large and omnipresent in various
senses. To begin with, Rn,ν is dense Gδ-subset of R
n, due to the fact that it contains
Qn. Furthermore, M. Dodson and J. Vickers [15] proved that
dimRn,ν = n− 1 + n
ν + 1
,
thereby giving a first description of the size properties of the set Rn,ν . Note that
the Hausdorff dimension of Rn,ν is always greater than n−1 and is therefore almost
maximal, that is, equal to n, when the number n of degrees of freedom is large.
The results of the previous sections lead to the following theorem, which refines
the description of the size properties of the set Rn,ν by giving the value of its
Hausdorff Idn−1h-measure for every gauge function h ∈ D1. On top of that, this
theorem shows that Rn,ν is a set with large intersection and it fully describes its
large intersection properties.
Theorem 9. Let us assume that n ≥ 2. Let h ∈ D1, let V be a nonempty open
subset of Rn and let ν > n− 1. Then,{ ∑
q h(q
−(ν+1)/n) =∞ =⇒ HIdn−1h(Rn,ν ∩ V ) =∞∑
q h(q
−(ν+1)/n) <∞ =⇒ HIdn−1h(Rn,ν ∩ V ) = 0.
Moreover,
Rn,ν ∈ GIdn−1h(V ) ⇐⇒
∑
q
h(q−(ν+1)/n) =∞.
The proof of this result being quite long, we postpone it to Section 7 for the sake
of clarity. The frequencies for which Siegel’s Diophantine condition (14) does not
hold for any γ > 0 and any ν > 0, and thus for which Kolmogorov’s construction
fails, form the set
Rn = R
n \ Ωn =
⋂
ν>0
↓ Rn,ν .
As shown by the following result, Theorem 9 leads to a full description of the size
and large intersection properties of the set Rn.
Corollary 4. Let us assume that n ≥ 2. Let h ∈ D1 and let V be a nonempty open
subset of Rn. Then,{
[∀s > 0 h(r) 6= o(rs)] =⇒ HIdn−1h(Rn ∩ V ) =∞
[∃s > 0 h(r) = o(rs)] =⇒ HIdn−1h(Rn ∩ V ) = 0.
Moreover,
Rn ∈ GIdn−1h(V ) ⇐⇒ [∀s > 0 h(r) 6= o(rs)].
Proof. Let us begin by assuming that h(r) = o(rs) for some s > 0 and let us
consider a positive real ν such that ν + 1 > n/s. Then, the sum
∑
q q
−(ν+1)s/n
converges and so does
∑
q h(q
−(ν+1)/n). By Theorem 9, the set Rn,ν has Haudsorff
measure zero in V for the gauge Idn−1h. As Rn contains this last set, we deduce
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that HIdn−1h(Rn ∩ V ) = 0. Furthermore, using h =
√
h rather than h, we obtain
HIdn−1h(Rn ∩ V ) = 0. Hence, Rn 6∈ GIdn−1h(V ) by Theorem 1(c).
Conversely, let us assume that h(r) 6= o(rs) for all s > 0. Let ν > 0 and suppose
that
∑
q h(q
−(ν+1)/n) <∞. Hence, the function u 7→ h(u−(ν+1)/n) is integrable at
infinity, so that for r > 0 small enough,∫ ∞
r−n/(ν+1)/2
h(u−(ν+1)/n) du ≥
∫ r−n/(ν+1)
r−n/(ν+1)/2
h(u−(ν+1)/n) du ≥ h(r)
2rn/(ν+1)
.
As a result, h(r) = o(rn/(ν+1)) as r → ∞, which is a contradiction. Thus, the set
Rn,ν is in the class G
Idn−1h(V ) by Theorem 9. Due to the fact that ν 7→ Rn,ν is
nonincreasing, the intersection defining Rn may be written as the intersection over
j ∈ N of the sets Rn,j. Therefore, Theorem 1(a) ensures that Rn ∈ GIdn−1h(V ).
Furthermore, it is possible to build a gauge function h ∈ D1 such that h ≺ h and
h(r) 6= o(rs) for all s > 0. Using h instead of h above, we obtain Rn ∈ GIdn−1h(V ).
Theorem 1(c) finally ensures that HIdn−1h(Rn ∩ V ) =∞. 
Corollary 4 shows that the set Rn enjoys a large intersection property in the
whole space Rn for any gauge function of the form Idn−1h, where h grows faster
than any power function near zero. As a result, the frequencies for which Kol-
mogorov’s construction fails are omnipresent in Rn in a strong measure theoretic
sense. Moreover, a straightforward consequence of Corollary 4 is that the Haus-
dorff dimension of the set Rn is equal to n − 1. Thus, the frequencies for which
Kolmogorov’s construction is impossible form a set with almost maximal dimension
when the number of degrees of freedom of the system is large.
Finally, let us mention that Siegel’s Diophantine condition (14) also arises in the
study of the long-time behavior of symplectic discretizations of integrable Hamil-
tonian systems (or perturbations of such systems). For example, M. Calvo and
E. Hairer [13] established that the global error of a symplectic numerical integrator
on an integrable system grows at most linearly when the frequency at the initial
value enjoys (14). Due to Corollary 4, the set Rn of all points for which (14) does
not hold for any γ > 0 and any ν > 0 is a set with large intersection and has
almost maximal Hausdorff dimension in Rn. Thus, the frequencies for which the
error growth may not be linear are in some sense prominent in Rn. We refer to [25,
Chapter X] for other occurrences of Siegel’s Diophantine condition in the study of
symplectic integrators.
5.2. Rotation number of a homeomorphism of the circle. The study of the
continuous orientation preserving homeomorphisms of the circle S1 = R/Z yields
another application of the results of the previous sections. The rotation number
of such a homeomorphism quantifies how much, on average, it moves the points
of the circle. It is in fact more convenient to work with lifts of homeomorphisms.
Thus, following J.-C. Yoccoz [35], we shall work with the group D0(S1) composed
by the continuous homeomorphisms f of R for which the mapping x 7→ f(x) − x
has period one. For any such function f ∈ D0(S1), the sequence (f◦q(x) − x)/q
converges uniformly in x as q → ∞ to a constant limit ρ(f) called the rotation
number of f . Here, f◦q denotes the q-fold iteration f ◦ . . . ◦ f . It is straightforward
to check that, for any real ρ, the translation rρ : x 7→ x+ ρ belongs to D0(S1) and
has rotation number ρ.
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Alternate definitions of the rotation number and several of its important prop-
erties are given in [35]. In particular, the rotation number ρ(f) of a given function
f in D0(S1) is rational if and only if the homeomorphism f˜ of S1 induced by f ad-
mits a periodic point. Moreover, if ρ(f) is irrational, then the closure of every orbit
of f˜ is equal to either the whole circle S1 or a common Cantor subset (i.e. com-
pact, totally disconnected and with no isolated point) of S1. In the first case, f is
topologically conjugate to rρ(f), that is, there exists a homeomorphism φ ∈ D0(S1)
such that φ ◦ f = rρ(f) ◦ φ. As shown by Denjoy, this always happens when f is a
C2-diffeomorphism and this property is optimal in the sense that, for any ε > 0,
there exists a C2−ε-diffeomorphism with irrational rotation number which is not
topologically conjugate to rρ(f).
Let f be such a diffeomorphism. A further question is that of the smoothness of
the conjugacy between f and rρ(f). The existence of a smooth conjugacy function
φ has been investigated by Moser and M. Herman and is related, in an optimal
manner, with the fact that ρ(f) is of Diophantine type (K,σ) for some positive
reals K and σ, which means that
∀q ∈ N ∀p ∈ Z
∣∣∣∣ρ(f)− pq
∣∣∣∣ ≥ Kqσ+2 ,
see [35, Section 2.3] for details. The results of the preceding sections enable us to
study, for any a fixed real σ > 0, the size and large intersection properties of the
set Lσ of all irrational numbers that are not of Diophantine type (K,σ) for any
K > 0, and thus for which the smoothness results fail. Note that
Lσ =
⋂
K>0
↓
{
ρ ∈ R \Q
∣∣∣∣∣
∣∣∣∣ρ− pq
∣∣∣∣ < Kqσ+2 for some (p, q) ∈ Z× N
}
.
In spite of the fact that it has Lebesgue measure zero, this set may be considered as
large in various senses. Indeed, Lσ is a dense Gδ-subset of R. Moreover, V. Bernik
and Dodson [8] proved that the Hausdorff dimension of Lσ is equal to 2/(2 + σ),
thereby being almost maximal in R when σ is small. In addition, as shown by
Theorem 10 below, this set also enjoys a large intersection property and may thus
be seen as omnipresent in R in a strong measure theoretic sense. Note that this
theorem also extends Bernik and Dodson’s result by providing a full description of
the size properties of the set Lσ.
Theorem 10. Let h ∈ D1, let V be a nonempty open subset of R and let σ > 0.
Then, { ∑
q h(q
−(2+σ)/2) =∞ =⇒ Hh(Lσ ∩ V ) =∞∑
q h(q
−(2+σ)/2) <∞ =⇒ Hh(Lσ ∩ V ) = 0.
Moreover,
Lσ ∈ Gh(V ) ⇐⇒
∑
q
h(q−(2+σ)/2) =∞.
Proof. To begin with, observe that the set Lσ is the intersection of R \Q with the
intersection over j ∈ N of the sets
L˜σ,j =
{
ρ ∈ R
∣∣∣∣∣
∣∣∣∣ρ− pq
∣∣∣∣ < 1j qσ+2 for infinitely many (p, q) ∈ Z× N
}
.
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Let us assume that the sum
∑
q h(q
−(2+σ)/2) converges. Then,
∑
q h(q
−2−σ)q
converges as well and, by Theorem 5, the set L˜σ,1 has Hausdorff measure zero for the
gauge function h. As a result, Hh(Lσ∩V ) = 0. Moreover, there is a gauge function
h ∈ D1 enjoying h ≺ h such that the sum
∑
q h(q
−2−σ)q converges. Applying what
precedes with h instead of h, we deduce that the set Lσ has Hausdorff measure zero
in V for the gauge function h. Hence, it cannot belong to the class Gh(V ), owing
to Theorem 1(c).
Let us suppose that the sum
∑
q h(q
−(2+σ)/2) diverges. Then, for each j ∈ N, the
sum
∑
q h(1/(j q
σ+2))q diverges too. Thanks to Theorem 5, the set L˜σ,j belongs to
the class Gh(V ). This is true for any j ∈ N, so that Theorem 1(a) ensures that this
class contains the intersection over j ∈ N of the sets L˜σ,j. In addition, the set R\Q
of irrational numbers, being a Gδ-subset of R with full Lebesgue measure, belongs
to the class Gh(V ) as well, owing to Theorem 1(d). By Theorem 1(a) again, this
class finally contains the set Lσ. Furthermore, note that h ≺ Id. Thus, there is
a gauge function h ∈ D1 such that h ≺ h and the sum
∑
q h(q
−(2+σ)/2) diverges.
Using h rather than h above, we obtain Lσ ∈ Gh(V ). By virtue of Theorem 1(c),
we finally get Hh(Lσ ∩ V ) =∞. 
To conclude this section, let us mention that the intersection, denoted by L,
of the sets Lσ over σ > 0 is the set of Liouville numbers. It is well-known that
this set has Hausdorff dimension zero and is a dense Gδ-subset of R. L. Olsen [31]
established that, for any gauge function h ∈ D1, the set L has Hausdorff measure
zero if h(r) = o(rs) as r → 0 for some s > 0 and infinite Hausdorff measure in every
nonempty open subset of R otherwise. The following proposition complements this
result by describing the large intersection properties of L.
Proposition 5. Let h ∈ D1 and let V be a nonempty open subset of R. Then,
L ∈ Gh(V ) ⇐⇒ [∀s > 0 h(r) 6= o(rs)].
We refer to [18] for a proof of this proposition. A noteworthy consequence of
this result is that there are uncountably many ways of writing a given real number
as the sum of two Liouville numbers. This is a generalization of a classical result of
Erdo˝s [21] which states that every real number may be written as the sum of two
Liouville numbers.
6. Proof of Theorem 4
Let us first assume that k = 0. Then, for any i ∈ I, there is a point xi ∈ Rd such
that Pi = {xi}. Note that (A) is always satisfied, as T may be chosen to be equal to
Rd, and that (xi, ri)i∈I ∈ Sd(I), because (Pi, ri)i∈I ∈ S0d(I). Moreover, if (B) holds,
then there is a gauge function h ∈ Dd with h ≺ h such that for Lebesgue-almost
every x ∈ V , there are infinitely many indices i ∈ I enjoying ‖x − xi‖ < h(ri)1/d.
Theorem 2 implies that F(Pi,ri)i∈I , being equal to F(xi,ri)i∈I , belongs to the class
Gh(V ), which is included in the class Gh(V ) by Proposition 2.
From now on, let us assume that k ≥ 1. The proof of Theorem 4 calls upon
the following lemma, which can be seen as the analog for net measures of the
“slicing” lemma of [7], which itself follows from an extension of the first part of [30,
Theorem 10.10]. In order to state our slicing lemma, we need to introduce the
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following notations. For any subset E of Rd and any x2 ∈ Rk, let
Ex2 = {x1 ∈ Rd−k | (x1, x2) ∈ E}. (15)
Moreover, let E∗ denote the set of all x2 ∈ Rk such that Ex2 6= ∅. Observe that E
is the collection of all (x1, x2) ∈ Rd−k × Rk enjoying x2 ∈ E∗ and x1 ∈ Ex2 .
Lemma 6 (slicing for net measures). Let h ∈ Dd−k, let W be an open subset of
Rd and let E denote a subset of Rd. Assume that there exist a real κ > 0 and a
subset W ′ of W ∗ with full Lebesgue measure such that
∀x2 ∈ W ′ ∀U ⊆Wx2 open Mh∞(Ex2 ∩ U) ≥ κMh∞(U). (16)
Then, there exists a real κ′ > 0 such that
∀U ⊆W open MIdkh∞ (E ∩ U) ≥ κ′MId
kh
∞ (U).
Proof. Let g = Idkh ∈ Dd. Thanks to Lemmas 8, 9 and 10 in [18], it suffices to
prove that there are two reals κ′ > 0 and ρ ∈ (0, εg] such that
∞∑
p=1
g(|λp|) ≥ κ′ g(|λ|) (17)
for any c-adic cube λ ⊆W with diameter less than ρ and for any sequence (λp)p≥1
in Λc ∪ {∅} such that E ∩ λ ⊆
⊔
p λp ⊆ λ (i.e. the sets λp are disjoint, contained in
λ and cover E ∩ λ). Note that such a cube λ is of the form λ = λ(1) × λ(2), where
λ(1) (resp. λ(2)) is a c-adic cube of Rd−k (resp. Rk). In addition, there is a real
β > 0 depending only on the norm Rd is endowed with such that |λ| = β c−〈λ〉c ,
where 〈λ〉c denotes the generation of λ. Likewise, there is a real β1 > 0 such that
|λ(1)| = β1 c−〈λ(1)〉c . Furthermore, each λp is also of the form λ(1)p ×λ(2)p , where λ(1)p
and λ
(2)
p are c-adic cubes of Rd−k and Rk respectively, or the empty set. When the
sets λp and λ
(1)
p are cubes, their diameter may also be expressed in terms of their
generation in the previous manner.
In what follows, we choose ρ to be equal to (1 ∧ (β/β1)) εh, where ∧ denotes
minimum. Note that ρ ≤ εg. As a result, for each integer p ≥ 1, we have
g(|λp|) = h(|λp|)|λp|k ≥
(
1 ∧ β
β1
)d−k
h(|λ(1)p |)βkLk(λ(2)p )
=
(
1 ∧ β
β1
)d−k
βk
∫
λ(2)
h(|µp(x2)|)Lk(dx2),
where µp(x2) is equal to λ
(1)
p if x2 ∈ λ(2)p and to the empty set otherwise. As λ(2)
is included in W ∗ and W ′ has full Lebesgue measure in W ∗, we thus obtain
∞∑
p=1
g(|λp|) ≥
(
1 ∧ β
β1
)d−k
βk
∫
λ(2)∩W ′
∞∑
p=1
h(|µp(x2)|)Lk(dx2).
Observe that, for any x2 ∈ λ(2) ∩W ′, the c-adic cubes µp(x2), for p ≥ 1, cover the
set Ex2 ∩ λ(1) and are of diameter less than εh. As a consequence,
∞∑
p=1
h(|µp(x2)|) ≥Mh∞(Ex2 ∩ λ(1)).
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The right-hand side is at leastMh∞(Ex2∩intλ(1)), where intλ(1) denotes the interior
of λ(1). Due to the fact that intλ(1) is an open subset of Wx2 , it follows from (16)
that Mh∞(Ex2 ∩ intλ(1)) is at least κMh∞(intλ(1)), which is equal to κh(|λ(1)|)
thanks to [18, Lemma 9]. This leads to
∞∑
p=1
g(|λp|) ≥
(
1 ∧ β
β1
)d−k
βkκh(|λ(1)|)Lk(λ(2) ∩W ′)
=
(
1 ∧ β
β1
)d−k
βkκh(|λ(1)|)Lk(λ(2)) ≥
(
β1
β
∧ β
β1
)d−k
κh(|λ|)|λ|k
which directly implies (17). 
We are now able to prove Theorem 4. To this end, let h ∈ Dd−k and let V
be a nonempty open subset of Rd. According to (B), there exist a gauge function
h ∈ Dd−k and a subset V ′ of V with full Lebesgue measure such that, for any point
x ∈ V ′, (7) holds for infinitely many indices i ∈ I. Recall that we need to prove
that the set F(Pi,ri)i∈I defined by (4) belongs to the class GId
kh(V ).
To proceed, let us consider an orthonormal basis (e1, . . . , ed−k) of the vector space
~T associated with T , a point a ∈ T and an orthonormal basis (ed−k+1, . . . , ed) of
the orthogonal complement ~T⊥ of ~T . Then, for any (y1, . . . , yd) ∈ Rd, let
Φ(y1, . . . , yd) = a+ y1e1 + . . .+ yded.
Note that there exists a real γ ≥ 1 such that for any x1, x′1 ∈ Rd−k and any x2 ∈ Rk,
1
γ
‖x1 − x′1‖ ≤ ‖Φ(x1, x2)− Φ(x′1, x2)‖ ≤ γ‖x1 − x′1‖. (18)
The set Φ−1(V ′) has full Lebesgue measure in the open set W = Φ−1(V ) and,
using the notations introduced at the beginning of this section, we may deduce from
Fubini’s theorem that there is a subset W ′ of W ∗ with full Lebesgue measure such
that for every x2 ∈ W ′ and Lebesgue-almost every x1 ∈ Wx2 , there are infinitely
many indices i ∈ I satisfying
d(Φ(x1, x2), Pi) < h(ri)
1
d−k .
Let x2 ∈ W ′. Adapting the content of Subsection 4.4.1 in [7] to our setting, it
is straightforward to check that, owing to (A), for each i ∈ I, there exists a unique
point zi,x2 ∈ Rd−k enjoying Φ(zi,x2 , x2) ∈ Pi and that for Lebesgue-almost every
x1 ∈ Wx2 , there are infinitely many indices i ∈ I such that
‖Φ(x1, x2)− Φ(zi,x2 , x2)‖ < C h(ri)
1
d−k ,
where C is the supremum appearing in (A). Hence, due to (18), we have
‖x1 − zi,x2‖ < C γ h(ri)
1
d−k .
As a result, (zi,x2 , C γ h(ri)
1/(d−k))i∈I is a homogeneous ubiquitous system in Wx2 ,
see Definition 2. Due to [18, Proposition 15], the family (zi,x2 , h(ri)
1/(d−k)/γ)i∈I is
also a homogeneous ubiquitous system in Wx2 , see Remark 3. Moreover, the fact
that h ∈ Dd−k clearly implies that
∀r > 0 1
γ
h(r)
1
d−k ≤
(
h
(
r
γ
)) 1
d−k
,
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so that (zi,x2 , h(ri/γ)
1/(d−k))i∈I is a homogeneous ubiquitous system in Wx2 as
well. Owing to Theorem 3, the set of all x1 ∈ Rd−k such that ‖x1 − zi,x2‖ < ri/γ
for infinitely many i ∈ I belongs to the class Gh(Wx2), thereby having maximal
Mh∞-mass in every open subset of Wx2 . Moreover, thanks to (18), this last set is
included in the set (Φ−1(F ))x2 defined as in (15). Hence,
∀x2 ∈ W ′ ∀U ⊆Wx2 open Mh∞((Φ−1(F ))x2 ∩ U) =Mh∞(U).
Lemma 6 then ensures that Φ−1(F ) has maximalMIdkh∞ -mass in every open subset
of W . By virtue of [18, Lemma 12], the set Φ−1(F ) lies in the class GId
kh(W )
and, owing to Theorem 1(b), the fact that Φ is bi-Lipschitz finally implies that F
belongs to GId
kh(V ) and Theorem 4 follows.
7. Proof of Theorem 9
Before entering the proof of Theorem 9, let us briefly comment on the summabil-
ity conditions appearing in the statement. It is easy to check that
∑
q h(q
−(ν+1)/n)
converges if and only if
∑
q q
n−1h(q−(ν+1)) does, by comparing these sums with
integrals in the usual manner and performing a change of variable. Furthermore,
observing that the number of vectors q ∈ Zn for which ‖q‖∞ = Q is equivalent to
2nnQn−1 as Q tends to infinity, we deduce that
∞∑
q=1
h(q−(ν+1)/n) <∞ ⇐⇒
∑
q∈Zn\{0}
h(‖q‖∞−ν−1) <∞. (19)
For the sake of clarity, we split the statement of Theorem 9 into four propositions,
namely Propositions 7 to 10, that we now state and establish.
Proposition 7. Let us assume that n ≥ 2. Let h ∈ D1, let V be a nonempty open
subset of Rn and let ν > n− 1. Then,∑
q
h(q−(ν+1)/n) <∞ =⇒ HIdn−1h(Rn,ν ∩ V ) = 0.
Proof. It suffices to show that, if
∑
q h(q
−(ν+1)/n) converges, then the Hausdorff
measure of Rn,ν for the gauge Id
n−1h is equal to zero. As Rn,ν is stable under
the mappings ω 7→ λω, for λ > 0, it is in fact enough to prove that the set
Rn,ν ∩ (−1/2, 1/2]n has Hausdorff measure zero. To this end, observe that any
point ω ∈ Rn,ν satisfies |q · ω| < ‖q‖∞−ν for infinitely many vectors q ∈ Zn \ {0}.
Indeed, a point ω ∈ Rn such that |q · ω| ≥ ‖q‖∞−ν for all q except q1, . . . , qr would
enjoy |q·ω| ≥ α‖q‖1−ν for all q, where α = min{1, |q1·ω| ‖q1‖∞ν , . . . , |qr ·ω| ‖qr‖∞ν},
and thus could not belong to Rn,ν . As a consequence,
∀Q ≥ 1 Rn,ν ∩
(
−1
2
,
1
2
]n
⊆
⋃
q∈Zn
‖q‖∞≥Q
{
ω ∈
(
−1
2
,
1
2
]n ∣∣∣∣ |q · ω| < 1‖q‖∞ν
}
.
As pointed out in [15, Section 6], each of the sets whose union forms the right-hand
side is covered by at most β‖q‖∞(n−1)(ν+1) cubes with diameter γ‖q‖∞−ν−1, where
β and γ are constants greater than one. Along with the fact that r 7→ h(r)/r is
nonincreasing near zero, this implies that for all δ > 0 small enough and Q large
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enough,
HIdn−1hδ
(
Rn,ν ∩
(
−1
2
,
1
2
]n)
≤ βγn
∑
q∈Zn
‖q‖∞≥Q
h(‖q‖∞−ν−1).
If the sum
∑
q h(q
−(ν+1)/n) converges, then the right-hand side tends to zero as
Q tends to infinity, by virtue of (19). Letting δ go to zero, we deduce that the
Hausdorff measure of the set Rn,ν ∩ (−1/2, 1/2]n vanishes. 
Proposition 8. Let us assume that n ≥ 2. Let h ∈ D1, let V be a nonempty open
subset of Rn and let ν > n− 1. Then,∑
q
h(q−(ν+1)/n) <∞ =⇒ Rn,ν 6∈ GIdn−1h(V ).
Proof. There is a gauge h ∈ D1 such that h ≺ h and
∑
q h(q
−(ν+1)/n) converges.
Employing Proposition 7 with h rather than h, we obtain HIdn−1h(Rn,ν ∩ V ) = 0.
Theorem 1(c) implies that Rn,ν does not belong to G
Idn−1h(V ). 
Proposition 9. Let us assume that n ≥ 2. Let h ∈ D1, let V be a nonempty open
subset of Rn and let ν > n− 1. Then,∑
q
h(q−(ν+1)/n) =∞ =⇒ Rn,ν ∈ GIdn−1h(V ).
Proof. Let U denote a bounded open subset of Rn−1×(0,∞) such that the infimum
of xn over all (x1, . . . , xn) ∈ U is positive. Then, the mapping f defined by
∀(x1, . . . , xn) ∈ U f(x1, . . . , xn) =
(
x1
xn
, . . . ,
xn−1
xn
, xn
)
is bi-Lipschitz from U onto W = f(U). Note that the coordinates of the elements
of W are all bounded by some positive real ρ. Furthermore, for any real α > 0, let
us consider the set
R˜n−1,ν,α =
{
x ∈ Rn−1
∣∣∣∣ |q · x|Z < α‖q‖1ν for infinitely many q ∈ Zn−1 \ {0}
}
and let R˜n−1,ν denote the intersection over α > 0 of the sets R˜n−1,ν,α. Let x˜ =
(x1, . . . , xn−1) ∈ R˜n−1,ν and let xn > 0 such that x = (x1, . . . , xn) ∈ W . Then,
for any α > 0, there exists a vector q˜ = (q1, . . . , qn−1) ∈ Zn−1 \ {0} such that
|q˜ ·x˜|Z < α‖q˜‖1−ν . Hence, there is an integer qn ∈ Z such that |q˜ ·x˜+qn| < α‖q˜‖1−ν .
Observe that |qn| ≤ |q˜ · x˜|+ α‖q˜‖1−ν ≤ (ρ+ α)‖q˜‖1. Therefore,
|q˜ · (xnx˜) + qnxn| < αxn‖q˜‖1ν ≤
α(1 + ρ+ α)νρ
‖q‖1ν ,
where q = (q1, . . . , qn) ∈ Zn \ {0}. It follows that f−1(x) ∈ Rn,ν ∩ U . Thus,
(R˜n−1,ν × (0,∞)) ∩W ⊆ f(Rn,ν ∩ U). (20)
Let us now assume that the sum appearing in the statement of the proposition
diverges. Then, the gauge h necessarily enjoys h ≺ Id and there exists a gauge
h ∈ D1 such that h ≺ h and the sum
∑
q h(q
−(ν+1)/n) diverges too. Using the same
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ideas as those leading to (19), it is easy to check that the sum of h(‖q‖∞−ν−1)‖q‖∞
over all q ∈ Zn−1 \ {0} diverges. Due to the fact that h is in D1, it follows that
∀α > 0
∑
q∈Zn−1\{0}
h
(
α
‖q‖1ν+1
)
‖q‖1 =∞.
Applying Theorem 8 with b = 0, m = 1, n − 1 instead of n and ψ(q) = α‖q‖1−ν ,
we deduce that each set R˜n−1,ν,α belongs to the class G
Idn−2h(Rn−1). Note that
α 7→ R˜n−1,ν,α is nonincreasing, so that R˜n−1,ν is also the intersection over all j ∈ N
of the sets R˜n−1,ν,1/j . The class G
Idn−2h(Rn−1) thus contains the set R˜n−1,ν by
Theorem 1(a). As h ≺ h, this set has maximalMIdn−2h∞ - mass in every open subset
of Rn−1. By Lemma 6, there is a real κ′ > 0 such that
MIdn−1h∞ ((R˜n−1,ν × (0,∞)) ∩ U) ≥ κ′MId
n−1h
∞ (U)
for any open subset U of Rn−1 × (0,∞). Thanks to [18, Lemma 12], it follows that
the set R˜n−1,ν × (0,∞) has maximal Mg∞-mass in every open subset of Rn−1 ×
(0,∞), for any gauge function g ∈ Dn enjoying g ≺ Idn−1h. This set thus belongs
to the class GId
n−1h(Rn−1 × (0,∞)). Proposition 2, along with (20), then ensures
that f(Rn,ν∩U) belongs to GIdn−1h(W ). As f is bi-Lipschitz, Theorem 1(b) implies
that Rn,ν ∩U is in the class GIdn−1h(U). Consequently, for any gauge g ∈ Dn with
g ≺ Idn−1h and any c-adic cube λ ⊆ Rn−1 × (0,∞) with diameter less than εg,
Mg∞(Rn,ν ∩ λ) ≥Mg∞(Rn,ν ∩ intλ) =Mg∞(intλ) =Mg∞(λ),
where the last equality is due to [18, Lemma 9]. Then, using [18, Lemma 10], we
deduce that the set Rn,ν has maximal Mg∞-mass in every subset of Rn−1 × (0,∞)
for any gauge function g ∈ Dn with g ≺ Idn−1h. Therefore,
Rn,ν ∈ GId
n−1h(Rn−1 × (0,∞)).
Furthermore, Rn,ν is clearly invariant under the bi-Lipschitz mapping (x1, . . . , xn) 7→
(x1, . . . ,−xn), so that we also have
Rn,ν ∈ GIdn−1h(Rn−1 × (−∞, 0))
by Theorem 1(b).
Let us now consider a gauge function g ∈ Dn with g ≺ Idn−1h and c-adic cube
λ ⊆ V with diameter less than εg. The interior intλ of λ is an open set included in
Rn−1 × (0,∞) or Rn−1 × (−∞, 0). In both cases,
Mg∞(Rn,ν ∩ λ) ≥Mg∞(Rn,ν ∩ intλ) =Mg∞(intλ) =Mg∞(λ),
where the last equality follows from [18, Lemma 9]. Applying [18, Lemma 10], we
deduce that the set Rn,ν has maximalMg∞-mass in every open subset of V for every
gauge g ∈ Dn with g ≺ Idn−1h. Hence, it belongs to the class GIdn−1h(V ). 
Proposition 10. Let us assume that n ≥ 2. Let h ∈ D1, let V be a nonempty
open subset of Rn and let ν > n− 1. Then,∑
q
h(q−(ν+1)/n) =∞ =⇒ HIdn−1h(Rn,ν ∩ V ) =∞.
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Proof. Let us assume that the series appearing in the statement diverges. Observe
that the gauge h necessarily enjoys h ≺ Id. Thus, there exists a gauge h ∈ D1 such
that h ≺ h and the sum∑q h(q−(ν+1)/n) diverges too. Owing to Proposition 9, the
set Rn,ν belongs to the class G
Idn−1h(V ). We conclude using Theorem 1(c). 
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